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A B S T R A C T   

The recuperative coiled tube-in-tube heat exchanger (RCTTHE) is a key component of the hybrid cryocooler 
formed by a four-stage Stirling-type pulse tube cryocooler and a JT cooler, and its heat exchanger effectiveness 
and pressure drop of low-pressure side play an important role in enhancing the overall performance of the hybrid 
cryocooler. This paper develops a finite difference model to systematically investigate the four-stage RCTTHE. 
The flow and heat transfer characteristics in the temperature range of 4–300 K under different dimensional and 
operating parameters are investigated in detail. The heat exchanger effectiveness and pressure drop of the low- 
pressure side are optimized to meet the requirements of the 1.8 K hybrid cryocooler with He-4 as the only 
working medium. The experimental investigations of the hybrid cryocooler based on the optimized four-stage 
RCTTHE are conducted. Satisfactory agreements are observed between the theoretical and experimental data, 
and thus verify the proposed model. The experimental results show that the pressure drop of the low-pressure 
side of the RCTTHE reaches a considerably low value of 518 Pa and an effectiveness of higher than 97.1 % is 
achieved for the four-stage RCTTHE, both of which make a significant contribution to the hybrid cryocooler in 
achieving 1.8 K.   

1. Introduction 

With the rapid progress of the deep space exploration and quantum 
information technology, there is an increasing demand for the cry
ocoolers operating at below 2 K which features high reliability, long 
lifetime, lightweight and high thermodynamic effectiveness [1–8]. The 
hybrid cryocooler formed by the multi-stage Stirling-type pulse tube 
cryocooler (SPTC) and the Joule-Thomson cooler (JTC) was an enabling 
technology to meet the requirements [5–7]. We recently reported a 
hybrid cryocooler composed of a four-stage SPTC and a JTC developed 
in the authors’ laboratory [9–11], which reached a no-load temperature 
of 1.36 K with He-4 in the SPTC and He-3 in the JTC, respectively [11]. 
Considering He-3 was rare and expensive [12], we further improved the 
hybrid cryocooler with He-4 as the only working medium in the entire 
system and recently achieved a no-load temperature of 1.8 K [13]. 

In the hybrid cryocoolers, the recuperative coiled tube-in-tube heat 

exchanger (RCTTHE) is a key component, which not only acts as the 
carrier of heat transfer, but also plays an important role in energy re
covery in the system [14]. On the other hand, the pressure drop at the 
low-pressure side is also critical to reduce the evaporative pressure for 
the JT cooler [9,13]. Thus, the optimizations of heat exchange and 
pressure drop at low-pressure side in the RCTTHE are crucial to 
decreasing the cooling temperature, increasing the cooling capacity and 
improving the cooling effectiveness of the hybrid cryocooler. 

With the similar RCTTHE systems, Narasaki et al. [3] and Sato et al. 
[4] obtained a cooling power of 10 mW at 1.7 K based on the developed 
hybrid cryocooler with He-3 as the working medium in which the 
RCTTHE effectiveness was higher than 94 % and the pressure drop was 
2.2 kPa. Petach et al. [6,7] and Crook et al. [8] achieved the no-load 
temperatures of 1.7 K and 2 K, respectively. However, previous re
searches mainly focused on the overall structures and the performances 
at the cold end. Little study was conducted on the characteristics of flow 
and heat transfer in the RCTTHE system. 
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This paper develops a numerical model of the RCTTHE focusing on 
the flow and heat transfer characteristics for the 1.8 K hybrid cryocooler 
with He-4 as the only working medium. The governing equations of the 
high-pressure hot helium gas, the separating wall, the low-pressure cold 
helium gas and the external wall for flow and heat transfer in the 
RCTTHE were solved with a control volume finite difference method 
(CVFDM) [15]. In addition, the influence of radiant heat transfer is 
considered which has a great influence on low-temperature heat ex
changers [16]. The empirical correlations for the flow and heat transfer 
of helium gas in different channels are also employed to solve the gov
erning equations. The flow and heat transfer characteristics of the four- 
stage RCTTHE in a temperature range of 4–300 K are studied under 
different dimensional and operating parameters. In order to verify the 
theoretical analyses, the optimized four-stage RCTTHE system is 
designed and then integrated into the hybrid cryocooler. The experi
mental results are then compared with the theoretical analyses. 

2. RCTTHE system 

The 1.8 K hybrid cryocooler has been reported in our previous work 
[13]. Fig. 1 shows the overall schematic of the hybrid cryocooler, which 
is formed by a four-stage SPTC and a JTC and the two parts are thermally 
coupled with each other. The four-stage SPTC subsystem is driven by 
two moving-coil linear compressors, in which the first two stage are 
driven by one compressor while the last two stage by the other one. 
Besides the compressor, each stage of the SPTC consists of a regenerator, 
an inertance tube, a reservoir, a pulse tube and heat exchangers 
including warm and cold heads. The last three stage cold heads all serve 
as the precooling when coupled with the JTC to provide the precooling 
capacities of Qpre1, Qpre2, Qpre3 at three temperatures Tpre1, Tpre2, Tpre3, 
respectively [9,11,13]. 

The details of the JTC subsystem of the 1.8 K hybrid cryocooler are 

shown in Fig. 2. The subsystem mainly includes the four-stage JT 
compressors, the four-stage RCTTHE, the three-stage precooling heat 
exchangers (PHEXs), a JT valve, a bypass valve, and an evaporator. The 
four-stage RCTTHE are formed by four parts, namely, RCTTHE-1, 
RCTTHE-2, RCTTHE-3 and RCTTHE-4, which are put in between the 
four-stage JT compressors, the 1st stage PHEX, the 2nd stage PHEX, the 
3rd stage PHEX and the JT valve in sequence, respectively. The heat 
transfer in the RCTTHE is realized by pumping the compressed helium 
gas up through a smaller tube put inside in a larger diameter return tube 
containing precooled helium. The precooling temperatures in the 1st, 
2nd and 3rd stage PHEXs are 100, 40 and 10 K respectively. Fig. 3 shows 
that the T-h diagram of the JT subsystem with the three-stage 
precooling. 

For the hybrid cryocooler with He-4 as the only working medium, in 
order to achieve a cooling temperature of below 2.0 K, the RCTTHE 
system has to meet the stringent requirements. For He-4, the saturation 
temperature of 2.0 K is corresponding to an evaporation pressure of 
3.13 kPa, which indicates that the pressure after throttling should be 
lower than 3.13 kPa. Considering that the suction pressure provided by 
the actual JT compressor unit can only reach an ultimate low value 1.1 
kPa [13], the pressure drops along the RCTTHE system, which must exist 
in reality, has to be lower than 2.03 kPa [13]. 

Based on the enthalpy flow model conducted in our previous work 
[11], the effect of the four-stage RCTTHE on the three-stage precooling 
capacities and the cooling capacity of the hybrid cryocooler can also be 
obtained, respectively. 

Fig. 4 shows that the variations of the three-stage precooling ca
pacities with the effectiveness of the RCTTHE. It is observed that the 
precooling capacities decrease monotonously with the increasing heat 
exchanger effectiveness. 

Fig. 5 shows the effect of heat exchanger effectiveness of RCTTHE-4 
on the cooling capacity of the hybrid cryocooler at 1.8 K. It is observed 

Nomenclature 

Ac heat transfer area between low-pressure helium and 
separating wall (m2) 

Ac′ heat transfer area between low-pressure helium and 
external wall (m2) 

Ah heat transfer area between high-pressure helium and 
separating wall (m2) 

Ao radiant heat transfer area of external wall (m2) 
Asw heat conduction area of separating wall (m2) 
Aew heat conduction area of external wall (m2) 
Cp isobaric specific heat (kJ kg− 1 K− 1) 
D Diameter of tube (m) 
Dc hydraulic diameter of low-pressure side (m) 
Dh hydraulic diameter of high-pressure side (m) 
Ds diameter of spiral coil (m) 
f friction coefficient (dimensionless) 
Gz Graetz number (dimensionless) 
h specific enthalpy (kJ kg− 1) 
L length of tube (m) 
IT inertance tube 
L+ dimensionless length 
ΔL length of the i-th grid (m) 
ṁ mass flow rate (mg/s) 
Nu Nusselt number (dimensionless) 
P pressure (Pa) 
per Wetted perimeter (m) 
Pr Prandtl number (dimensionless) 
PT Pulse tube 
Reg regenerator 

RCTTHE recuperative coiled tube-in-tube heat exchanger 
Re Reynolds number (dimensionless) 
TC cooling temperature (K) 
TH ambient temperature (K) 
Tpre precooling temperature (K) 
Uc convective heat transfer coefficient between cold helium 

and wall (W m− 2 K− 1) 
Uh convective heat transfer coefficient between hot helium 

and wall (W m− 2 K− 1) 
v velocity (m/s) 

Greeks 
λ thermal conductivity of wall (W/m K− 1) 
η effectiveness of RCTTHE 
ξ local drag coefficient 
κ thermal conductivity of fluid (W/m K− 1) 
ρ density (kg/m3) 
σ Stefan-Boltzmann constant (W m− 2 K− 4) 
τ emissivity (dimensionless) 
μ dynamic viscosity of He-4 (Pa s) 

Subscripts 
1,2,3 thermodynamic states in Figs. 1 and 2 
c low-pressure cold helium 
ew external wall 
h high-pressure hot helium 
s spiral tube 
sw separating wall 
w wall  
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that the cooling capacity increases linearly with the effectiveness of 
RCTTHE-4 for each the third-stage precooling temperature (Tpre3). On 
the other hand, the zero-points of the cooling capacity are 87.8 %, 92.7 
%, and 95.2 % for the given third-stage precooling temperature of 10 K, 
12 K, 14 K, respectively, which indicates that for a higher Tpre3, the 
effectiveness of RCTTHE-4 has to be enhanced considerably in order to 

obtain the necessary cooling capacity for the hybrid cryocooler. 

3. RCTTHE design 

Compared with the conventional RCTTHE with a fixed inlet tem
perature, the RCTTHE in the hybrid cryocooler also has the feature that 

Fig. 1. Schematic of the 1.8 K hybrid cryocooler.  

Fig. 2. Schematic of the JT cooler structure and cycle flow of the RCTTHE system.  
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during operation, the inlet temperature at either cold or hot end will 
continue to decrease until it reaches the final equilibrium state. For He- 
4, its thermal properties change significantly with the temperature in 4 
to 300 K. The variations of density, specific heat, dynamic viscosity and 
thermal conductivity with temperature under two given pressures of 
1.618 kPa and 0.3 MPa are shown in Fig. 6. For the reported 1.8 K hybrid 
cryocooler, the typical temperature regions of the four-stage RCTTHE 
are 100–300 K, 40–100 K, 10–40 K and 4.2–10 K, respectively. 

In our design, the thin-walled stainless steel is used as the material of 
the RCTTHE to minimize the heat leakage between the hot and cold end, 
and also to provide appropriate heat transfer between the high-pressure 
and low-pressure helium of the RCTTHE [17]. Fig. 7 shows the inner 
details of the RCTTHE. 

Fig. 3. JT cycle of hybrid cryocooler in T-h thermodynamic plane.  

Fig. 4. Effect of heat transfer effectiveness on precooling capacity.  Fig. 5. Effect of heat transfer effectiveness for RCTTHE-4 on cooling capacity in 
the 1.8 K hybrid cryocooler at various Tpre3. 
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Fig. 6. Physical properties of He-4 versus temperature of 4–20 K at 1.618 kPa and 0.3 MPa.  

Fig. 7. Schematic of the RCTTHE and stream configuration.  
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3.1. Heat transfer model 

3.1.1. Assumptions 
The following assumptions are made in the model:  

(1) The flow in the RCTTHE is one-dimensional steady-state.  
(2) The conduction resistance in radial direction of heat exchanger is 

negligible compared to that of convection resistance.  
(3) In the flow direction, the energy exchange produced by the heat 

conduction of the fluid is negligible compared with that by the 
heat convection. 

3.1.2. Governing equations 
Fig. 8 shows that the RCTTHE is divided into N identical grids. For 

the i-th grid, the energy conservation equations under steady state 
condition are established for low-pressure cold helium, high-pressure 
hot helium, separating wall, and external wall. Fig. 9 illustrates the 
control volume and energy flows for the low-pressure cold helium, the 
high-pressure hot helium, the separating wall and the external wall in 

the i-th section of the RCTTHE, respectively. 
For low-pressure cold helium: 

ṁc • hc.i +Uc.i • ΔAc′

(

Tew.i −
Tc.i + Tc.i+1

2

)

= ṁc • hc.i+1 − Uc.i • ΔAc

(

Tsw.i −
Tc.i + Tc.i+1

2

)

(1) 

For high-pressure hot helium: 

ṁhΔhh.i = ṁhΔhh.i+1 − Uh.i⋅ΔAh(
Th.i + Th.i+1

2
− Tsw.i) (2) 

For separating wall: 

λsw.i+1 + λsw.i

2ΔL
Asw(Tsw.i+1 − Tsw.i) + Uh.i⋅ΔAh

(
Th.i + Th.i+1

2
− Tsw.i

)

=
λsw.i + λsw.i− 1

2ΔL
Asw(Tsw.i − Tsw.i− 1) + Uc.i⋅ΔAc

(

Tsw.i −
Tc.i + Tc.i+1

2

)

(3) 

For external wall: 

Fig. 8. Computational grid of the RCTTHE.  

Fig. 9. Control volume and energy flows for the i-th section of the RCTTHE.  
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λew.i+1 + λew.i

2ΔL
Aew(Tew.i+1 − Tew.i) + τΔσ⋅ΔAo

(
T4

ew.i − T4
0

)

=
λew.i + λew.i− 1

2ΔL
Aew(Tew.i − Tew.i− 1) + Uc.i⋅ΔAc’

(

Tew.i −
Tc.i + Tc.i+1

2

)

(4)  

where ṁc is the mass flow rate of low-pressure cold helium, ṁh is the 
mass flow rate of high-pressure hot helium, hc.i is the low-pressure cold 
helium specific enthalpy of the i-th grid. hh.i is the high-pressure hot 
helium specific enthalpy of the i-th grid. Uc.i is the convective heat 
transfer coefficient of the i-th grid between wall and low-pressure cold 
helium. Uh.i is the convective heat transfer coefficient of the i-th grid 
between wall and high-pressure hot helium. ΔAc is the heat transfer area 
between separating wall and low-pressure cold helium. ΔAc’ is the heat 
transfer area between external wall and low-pressure cold helium. ΔAh is 
the heat transfer area between separating wall and high-pressure hot 
helium. Aew is the heat conduction area of external wall. Asw is the heat 
conduction area of the separating wall. ΔAo is the radiant heat transfer 
area of external wall. λsw.i is the stainless steel thermal conductivity of 
the i-th grid about separating wall. λew.i is the stainless steel thermal 
conductivity of the i-th grid about external wall. ΔL is the length of the i- 
th grid. τ is the emissivity of external wall. σ is the Stefan-Boltzmann 
constant. 

3.1.3. Boundary conditions 
For the energy equations, the inlet temperatures for high-pressure 

helium and low-pressure helium are given in Eqs. (5) and (6), respec
tively. The adiabatic boundary conditions are used to the cold and the 
hot ends of wall as given in Eqs. (7)–(10). 

Tc = Tc.1 (5)  

Th = Th.N+1 (6)  

Tsw.0 = Tsw.1 (7)  

Tsw.N = Tsw.N+1 (8)  

Tew.0 = Tew.1 (9)  

Tew.N = Tew.N+1 (10) 

Eqs. (1)–(10) are solved over the control volume. 

3.1.4. Calculations of geometry 
The heat transfer areas between low-pressure helium and external 

wall, between low-pressure helium and separating wall, and between 
high-pressure helium and separating wall are given in Eqs. (11)–(13), 
respectively, as shown in Fig. 7: 

Fig. 10. Change of length for four-stage RCTTHEs with heat exchanger 
effectiveness. 

Fig. 11. Effect of heat transfer coefficient at the high-pressure side on tem
perature with different inner diameter of inner tube. 

Fig. 12. Effect of heat transfer coefficient at the low-pressure side on temper
ature with different inner diameter of outer tube. 

Fig. 13. Changes of Nus/Nu and fs/f with different Ds.  
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ΔAc′ = πD3ΔL (11)  

ΔAc = πD2ΔL (12)  

ΔAh = πD1ΔL (13) 

The radiant heat transfer area of external wall is given as follow: 

ΔAo = πD4ΔL (14) 

The heat conduction area of separating wall is given as follow: 

Asw =
π
4
(D2

2 − D2
1) (15) 

The heat conduction area of external wall is given as follow: 

Aew =
π
4
(D2

4 − D2
3) (16) 

The length of the i-th grid is defined as: 

ΔL =
L
N

(17)  

where D1 is the inner diameter of inner tube. D2 is the outer diameter of 
inner tube. D3 is the inner diameter of outer tube. D4 is the outer 
diameter of outer tube. L is the length of the RCTTHE. N is the number of 
grids. 

3.1.5. Heat transfer correlations 
The convective heat transfer coefficient between high-pressure hot 

helium and separating wall is: 

Uh =
Nuhκh

Dh
(18)  

where κh is the thermal conductivity of high-pressure hot helium. Dh is 
the hydraulic diameter of high-pressure channel (Dh = 4Ah/perh). perh is 
the wetted perimeter of high-pressure channel. Nuh is Nusselt number 
for high-pressure side, which is given as [18,19]: 

Nuh = 3.66+
(0.049 + 0.020

Prh
)Gz1.12

(1 + 0.065Gz0.7)
(19)  

Gz =
DhRehPrh

L
(20)  

where Gz is the Graetz number. Reh is the Reynolds number of high- 
pressure side based on the hydraulic diameter. Prh = μhCp.h/κh is the 
Prandtl number of high-pressure hot helium. Cp.h is the isobaric specific 
heat of high-pressure hot helium. μh is the dynamic viscosity of high- 
pressure hot helium. Ah is the cross-sectional area of high-pressure 

Fig. 14. Change of heat transfer coefficient at low-pressure and high-pressure side with temperature in the four-stage RCTTHE.  

Fig. 15. Change of heat transfer coefficient at high-pressure side with tem
perature of 4–40 K in different high-pressure. 
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channel. 
Eqs. (18)–(20) are solved to the convection heat transfer coefficient 

between high-pressure hot helium and separating wall. 
The convection heat transfer coefficient between low-pressure cold 

helium and wall is: 

Uc =
Nucκc

Dc
(21)  

where κc is the thermal conductivity of low-pressure cold helium. Dc is 
the hydraulic diameter of low-pressure channel, Dc = 4Ac/perc. Ac is the 
cross-sectional area of low-pressure channel. perc is the wetted perimeter 
of low-pressure channel. Nuc is the Nusselt number for low-pressure cold 
helium, which is given as [18,19]: 

Nuc = Nufd +DNurat × DNu (22)  

where Nufd is the Nusselt number with the boundary layer in the fully 
developed situation of flowing, DNurat is the correction factor, DNu is 
the influence of the entrance section when Prc = 0.72. 

Nufd =
0.580342564

RR
+ 6.09483719 − 4.45569753 × RR+ 2.64812415 × RR2

(23)  

DNurat =
{

0.6847 + 0.3153 × e− 1.26544559×(ln(Prc)− ln(0.72)Prc > 0.72
1.68 + 0.68 × e0.32×(ln(Prc)− ln(0.72)Prc ≤ 0.72

(24)  

DNu = 1.75450933 × e[− 0.402783707×ln( L
Dc Rec Pr)]

1.050
(25)  

where Prc = μcCp.c/κc is the Prandtl number of low-pressure cold helium. 
Cp.c is the isobaric specific heat of low-pressure cold helium. μc is the 
dynamic viscosity of low-pressure helium. RR is the ratio of the inner to 
the outer radius of the annulus channel [18,19]. 

Eqs. (21)–(25) are solved to the convection heat transfer coefficient 
between wall and low-pressure cold helium. 

Eqs. (18)–(25) are used to calculate the heat transfer coefficient in a 
straight tube. However, the flow of helium in a spiral tube is more 
complicated than that in a straight tube. The changing direction of the 
fluid increases the disturbance of helium in the tube, thereby enhancing 
the heat transfer and friction resistance between helium and wall. For 

Fig. 16. Change of pressure drop for four-stage RCTTHE with mass flow rate in different inner diameter of outer tube.  

Table 1 
Structural parameters of four-stage RCTTHE.  

Heat exchanger Structural parameters RCTTHE effectiveness 
(simulation) 

RCTTHE effectiveness 
(experimental) 

Inner tube Outer tube Ds 

(mm) 
Length (m) 

RCTTHE − 1 D1 = 1.5 mm D3 = 6.0 mm 80 L1 = 0.96 97.2 % 98.1 % 
D2 = 2.0 mm D4 = 6.5 mm 

RCTTHE − 2 D1 = 1.5 mm D3 = 5.5 mm 80 L2 = 1.0 97.1 % 97.8 % 
D2 = 2.0 mm D4 = 6.0 mm 

RCTTHE − 3 D1 = 1.5 mm D2 = 2.0 mm D3 = 5.0 mm 
D4 = 5.5 mm 

50 L3 = 1.28 97.0 % 97.3 % 

RCTTHE − 4 D1 = 1.5 mm D2 = 2.0 mm D3 = 4.5 mm 
D4 = 5.0 mm 

50 L4 = 1.3 96.9 % 97.1 %  
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different spiral diameters Ds, the following formula can be used to cor
rect the heat transfer problem in the spiral tube [17]. 

Nus

Nu
= 1+ 3.6(1 −

D
Ds

)(
D
Ds

)
0.8 (26)  

where D is the inner diameter of high-pressure tube. Nus is the Nusselt 
number of the spiral tube. Ds is the spiral diameters. 

3.2. Flow model 

In general, the pressure drops of the RCTTHE are divided into the 

pressure drop along the channel and the local pressure drop, in which 
the former is mainly caused by the frictional resistance while the latter 
by the flow passing through the variable diameter channel or changing 
the flow direction. The local pressure drop of RCTTHE occurs at the 
three-way at the inlet and outlet of the heat exchanger. 

Eqs. (28)–(33) are given as follows to calculate the pressure drop of 

Fig. 17. Physical map of optimized RCTTHE system.  

Fig. 18. Experimental set up of 1.8 K hybrid cryocooler based on the optimized RCTTHE system.  

Table 2 
Details of the measuring sensors.  

Sensor Measuring range Uncertainty Brand/type 

Thermometer 1.4 ~ 325 K ±4 mK Cernox 1050 
Pressure sensor 0–5 MPa ±1.4 % Kistler 4043A 
Mass flow rate meter 0 ~ 8.4 mg/s 0.1 mg/s OMEGA  

Fig. 19. Experimental results of effect of high-pressure on mass flow rate and 
cooling temperature. 
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RCTTHE. 

ΔP = ΔPa +ΔPl (27)  

where ΔPa is the pressure drop along the channel of RCTTHE and ΔPl is 
the local pressure drop, which are given as follows: 

ΔPa = f ⋅
L
D

⋅
ρv2

2
(28)  

ΔPl = ξ⋅
ρv2

2
(29)  

where ξ is the local resistance coefficient [20]. f is the coefficient of 
friction which depends on the channel fluid flows and fluid properties, 

and its value at the high-pressure side is given by [18,19]: 

ffd.h =
4

Reh

⎡

⎢
⎢
⎣

3.44
̅̅̅̅̅̅
L+

√ +

1.25
4L+ + 16 − 3.44̅̅̅̅

L+
√

1 + 0.00021
(L+)2

⎤

⎥
⎥
⎦ (30)  

where ffd.h is the friction coefficient of high-pressure side in straight 
tube. L+ is the dimensionless length. 

L+ =
L

DhReh
(31) 

The friction coefficient of the low-pressure side is given as: 

ffd.l =
64
Rec

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(1 − RR2)

1 + RR2 − ( 1− RR2

ln(RR− 1)
)

√
√
√
√ (32)  

where ffd.l is the friction coefficient of low-pressure side in straight tube. 
Eqs. (28)–(33) are used to calculate the pressure drop in straight 

tube. Correspondingly, the friction coefficient in the spiral tube should 
also be corrected. For different spiral diameters, the following formula 
can be used to correct the flow problem in the spiral tube [17]. 

fs

ffd
= 1+ 0.0823(1 +

D
Ds

)(
D
Ds

)
0.53Re0.25 (33)  

where fs is the friction coefficient of the spiral tube. 

3.3. Heat exchanger effectiveness 

According to the definition of effectiveness, the effectiveness of a 
heat exchanger is the ratio of the actual heat transfer to the maximum 
possible value. Since the isobaric specific heat of helium varies greatly 
with temperature, as shown in Fig. 6, the conventional calculation 
methods based on the temperature difference can not be used to calcu
late the RCTTHE effectiveness. Therefore, the enthalpy difference 

Fig. 20. Results of ΔPc by calculated and measured in different mass flow rate.  

Fig. 21. Results of temperature profiles by calculated and measured along the tube of the four-stage RCTTHE (total length is L).  
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should be used to express the effectiveness. The heat exchanger effec
tiveness can be defined based on the minimum heat capacity of helium. 
If the high-pressure helium is the minimum heat capacity rate fluid, the 
heat exchanger effectiveness is defined by [17]: 

εh =
Q̇h

Q̇h.max
=

ṁ[h(Th,N+1,Ph) − h(Th,1,Ph)]

ṁ[h(Th,N+1,Ph) − h(Tc,1,Ph)]
(34) 

Similarly, If the low-pressure helium is the minimum heat capacity 
rate fluid, the heat exchanger effectiveness is defined by [17]: 

εc =
Q̇c

Q̇c.max
=

ṁ
[
h
(
Tc,N+1,Pc

)
− h

(
Tc,1,Pc

)]

ṁ
[
h
(
Tc,N+1,Pc

)
− h

(
Th,1,Pc

)] (35)  

where Ph is the high pressure. Pc is the low pressure. 

4. Optimization of RCTTHE 

4.1. Heat transfer 

4.1.1. Effect of geometry on heat exchanger coefficient 
The heat transfer area and the heat transfer coefficient are two key 

factors that affect heat exchanger effectiveness. The heat transfer area is 
determined by the structural parameters such as the length and diameter 
of the heat exchange tube, while the heat transfer coefficient is related to 
the fluid velocity and its thermophysical properties. 

Fig. 10 shows that the effect of the length of heat exchanger on its 
effectiveness. L1, L2, L3 and L4 represent the length of RCTTHE-1, 
RCTTHE-2, RCTTHE-3 and RCTTHE-4, respectively. It is observed that 
the effectiveness of the four-stage RCTTHE will increase as the 
increasing length. When the heat exchange area reaches a certain value 
with the corresponding effectiveness of 97 %, for the RCTTHE-3 and the 
RCTTHE-4, it is not appropriate to improve the heat exchange effec
tiveness by increasing the heat exchange area. In other words, to in
crease the length of heat exchange is no longer obvious in improving the 
heat exchanger effectiveness. Therefore, the heat transfer coefficient 
should be considered as a major measure to enhance the heat exchanger 
effectiveness. 

From the above Eqs. (18)–(20), Uh is determined by: 

Uh = 3.36
kh

Dh
+

0.049(ρhvhCp)
1.12μh + 0.02kh(ρhvhDh)

1.12Cp
0.12

k1.12
h μh + 0.065μhk0.42

h (ρhvhCpDh)
0.7 (36)  

where the first item on the right is much larger than the second one [19]. 
Thus, the heat transfer coefficient at the high-pressure side can be 
approximated as inversely proportional to diameter while proportional 
to thermal conductivity. 

Fig. 11 shows the effect of temperature on the heat transfer coeffi
cient of the RCTTHE with the different inner diameter of the inner tube. 
The coefficient increases with the decreasing inner diameter. It is also 
observed that the heat transfer coefficient on the high-pressure side 
increases with the increasing temperature in RCTTHE-1, RCTTHE-2 and 
RCTTHE-3. However, in RCTTHE-4, the heat transfer coefficient first 
decreases and then increases with the increasing temperature, and there 
is a minimum value of coefficient which is around 6.5 K. The reason is 
that there is a concave change of the thermal conductivity for He-4 with 
a pressure of 0.3 MPa at around 6.5 K, as shown in Fig. 6. The drastic 
decrease of the thermal conductivity causes a reduction of heat transfer 
coefficient at the high-pressure side. 

Fig. 12 shows that the heat transfer coefficient on the low-pressure 
side versus temperature with different inner diameters of the outer 
tube. The coefficient increases with the decreasing of inner diameter. 
This is due to the fact that the velocity of helium increases as the cross- 
sectional area decreases, thereby enhancing the heat transfer coefficient. 
On the other hand, the heat transfer coefficient decreases with the 
decreasing temperature for the same structure channel. 

In summary, based on Figs. 11 and 12, it is observed that the heat 

transfer coefficient changes considerably with the variations of the 
temperature. Therefore, the changing temperature must be considered 
as an important factor when the heat exchange area is calculated, since a 
large error would occur if the heat exchange area is still calculated by a 
constant heat transfer coefficient according to the conventional method 
[7,15,18]. On the other hand, reducing the diameter of the heat ex
change tube can enhance the heat transfer coefficient. 

The studied four-stage RCTTHE are coiled and wound around the 
cylinder of the cold head of the precooler, which can not only make the 
RCTTHE system compact, but also improve the heat transfer perfor
mance of the heat exchanger. As shown in Fig. 7, the curvature (D/DS) in 
the RCTTHE creates a secondary flow, whose direction is perpendicular 
to the direction of primary helium flow. D is the diameter of the heat 
exchange tube, and herein it is equal to D3. This secondary flow im
proves the heat transfer coefficient and also increases the friction coef
ficient between the wall and the flowing helium [17,19]. Fig. 13, based 
on Eqs. (26) and (33), aims at investigating the effect of Ds on the 
RCTTHE performance. It is observed that both Nu and f increase with the 
decrease of Ds. Nus/Nu increases from 1.12 to 1.26 and fs/f rises from 
1.04 to 1.07 when the spiral diameters Ds is reduced from 15 cm to 5 cm, 
which means that reducing the spiral diameters can enhance both heat 
transfer coefficient and friction coefficient. Therefore, within the 
required pressure drop range, Ds should be reduced as much as possible 
to enhance heat transfer and make the RCTTHE system more compact. 

4.1.2. Effect of operating parameters on heat exchanger coefficient 
Fig. 14 shows the variations of heat transfer coefficient at the high- 

pressure and low-pressure side, respectively. It is observed that in the 
four-stage RCTTHE the heat transfer coefficient of high-pressure side is 
higher than that of the low-pressure side, which means the thermal 
resistance occurs mainly on the low-pressure side. Furthermore, the heat 
transfer coefficients of RCTTHE-3 and RCTTHE-4 are much smaller than 
that of RCTTHE-1 and RCTTHE-2. The decrease of the heat transfer 
coefficients will seriously affect the heat transfer effectiveness, thereby 
causing the degradation of the hybrid cryocooler performance. Espe
cially for RCTTHE-4, its effectiveness directly affects the cooling tem
perature and cooling capacity of the hybrid cryocooler as discussed in 
Section 2.2. 

Fig. 15 shows that the variations of heat transfer coefficient on the 
high-pressure side in the RCTTHE-3 and RCTTHE-4 with different high- 
pressures. It is observed that increasing the high-pressure can signifi
cantly improve the heat transfer coefficient of the high-pressure side. 
Compared with RCTTHE-1, RCTTHE-2 and RCTTHE-3, the effect of the 
high-pressure on the heat transfer coefficient in RCTTHE-4 is more 
pronounced. 

Therefore, reducing the geometric size including cross-sectional area 
and spiral diameter can increase the heat transfer coefficient of the 
RCTTHE, thereby improving the heat transfer effectiveness. For 
RCTTHE-4 with the lower heat transfer coefficient, the high-pressure 
should be increased to improve the heat transfer coefficient of the 
high-pressure side. Besides, improving the heat transfer coefficient 
rather than heat transfer area is a better approach to improve heat 
exchanger effectiveness when the effectiveness is higher than 97 %. 

4.2. Pressure drop 

Combining mass flow rate with Eq. (28), ΔPa is determined by: 

ΔPa =
8fLṁ2

π2ρ(D3 − D2)
3
(D3 + D2)

2 (37) 

As shown in Eq. (38), the pressure drop is inversely proportional to 
density while proportional to the square of mass flow rate. Fig. 16 shows 
variations of the pressure drops at the low-pressure side with the mass 
flow rate in different inner diameters of the outer tube. It is observed 
that the pressure drop of each stage RCTTHE increase with the increase 
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of the mass flow rate. Furthermore, the pressure drop of the RCTTHE-1 
increase sharply as D3 decreases. It is also found that the pressure drops 
mainly occurs in RCTTHE-1, for which the reason is that in the range of 
100–300 K, the density of He-4 in RCTTHE-1 is much lower than that in 
RCTTHE-2, RCTTHE-3 or RCTTHE-4, which results in the increase of 
velocity in RCTTHE-1. Thus, the pressure drop in RCTTHE-1 at the low- 
pressure side should remain small enough to achieve the lower evapo
ration pressure after throttling. 

Decreasing the mass flow and increasing D3 at the low-pressure side 
can decrease the pressure drop of the RCTTHE. A trade-off between the 
pressure drop and the heat transfer effectiveness of the 1.8 K hybrid 
cryocooler should be made to meet the requirement that a pressure drop 
of 2.03 kPa and heat transfer effectiveness higher than 97 % can be 
achieved at the same time. 

5. Experimental verification 

5.1. Experimental setup 

For practical applications, the high effectiveness and low pressure 
drop at low-pressure side are required for the RCTTHE system while the 
compactness is remained. Therefore, the length of RCTTHE should be as 
short as possible, and the spiral diameters should be as small as possible 
according to the JT cycle geometry. In addition, with the maximum 
pressure drop at low-pressure side kept lower than 2.03 kPa, the inner 
diameter of outer tube is reduced to achieve a higher heat transfer co
efficient. And then the optimal dimensional parameters of the four-stage 
RCTTHEs are acquired according to the relevant calculation discussed in 
Section 4. The dimensional parameters of the four-stage RCTTHEs are 
listed in Table.1. 

Based on the above theoretical analyses and optimization results, the 
actual RCTTHE system is developed, as shown in Fig. 17. It is coupled to 
the 1.8 K hybrid cryocooler for the experimental verifications. Fig. 18 
shows the actual experimental setup of the 1.8 K hybrid cryocooler. 
Eight thermometers are used to measure the temperatures of 1st PHEX, 
2nd PHEX and 3rd PHEX (Points 3, 5 and 7 in Figs. 1 and 2) of the four- 
stage Stirling-type pulse tube cryocooler subsystem, and the tempera
ture of the evaporator (Point 10 in Figs. 1 and 2), the hot end temper
ature of RCTTHE-4 (Point 11 in Figs. 1 and 2), the hot end outlet 
temperature of RCTTHE-3 (Point 12 in Figs. 1 and 2), the hot end outlet 
temperature of RCTTHE-2 (Point 13 in Figs. 1 and 2) and helium tem
perature before throttling (Point 8 in Figs. 1 and 2) of JT cryocooler 
subsystem, respectively. The details of the sensors are listed in Table 2. 

5.2. Experimental validation of model 

As shown in Table 1, in terms of RCTTHE effectiveness, the simula
tion and experimental results are in good agreement. The effectiveness 
of the four-stage RCTTHEs are higher than 97.1 %. 

Fig. 19 shows the experimental results of the 1.8 K hybrid cryocooler 
based on the optimized four-stage RCTTHE. Both cooling temperature 
and mass flow rate decrease with the decrease of the high pressure 
before throttling. The hybrid cryocooler can obtain a no-load tempera
ture of 1.8 K with the mass flow rate of 0.32 mg/s, of which the high 
pressure is 0.32 MPa. 

Fig. 20 shows the simulated and measured ΔP with different mass 
flow rates. The simulated pressure drop is in good agreement with the 
measured value. The pressure drop of the RCTTHE system increases with 
the increasing mass flow rate, and the maximum difference between 
simulations and experimental results does not exceed 0.32 kPa with the 
mass flow rate from 0.5 to 3 mg/s. 

Fig. 21 shows the temperature curves obtained from simulations and 
experiments. It is observed that the temperature difference between the 
two curves gradually increases along the length of the RCTTHE, and 
eventually reaches the maximum value at the cold end of the RCTTHE. It 
means that the heat transfer coefficients on both sides decrease with the 

decrease of temperature as shown in Figs. 11 and 12. 
In summary, good agreements are found between theoretical and 

experimental results, which means the method described in this paper is 
a good way to design and optimize the RCTTHE for the 1.8 K hybrid 
cryocooler. Furthermore, flow and heat transfer mechanisms of RCTTHE 
system can be analyzed to help understand the hybrid cryocooler under 
different working conditions. 

6. Conclusions 

This paper conducts theoretical analyses and experimental verifica
tions of a four-stage RCTTHE operating in the range of 4–300 K, which is 
used in a 1.8 K hybrid cryocooler formed by a four-stage Stirling-type 
pulse tube cryocooler and a JT cooler. 

A finite difference model of fluid–structure interaction for the four- 
stage RCTTHE is developed, and the empirical correlations of flow and 
heat transfer are employed to solve the involved equations. Several 
important factors are considered such as the changes in fluid properties, 
the radiant heat leakage and the effects of secondary flow. 

Flow and heat transfer characteristics of the four-stage RCTTHE are 
investigated in detail. In the RCTTHE-3 and RCTTHE-4, when the heat 
exchange effectiveness is higher than 97 %, it should be considered to 
improve the heat exchange efficiency by increasing the heat exchange 
coefficient. The inner diameters of both inner tube and outer tube should 
be reduced to improve the heat transfer coefficient. In addition, the 
pressure drop of the four-stage RCTTHE mainly occurs in RCTTHE-1, 
and thus the inner diameter of the outer tube should be minimized to 
decrease the pressure drop at the low-pressure side in RCTTHE-1. 

An improved four-stage RCTTHE system is designed and then inte
grated into the hybrid cryocooler. Experiments are conducted to verify 
the theoretical analyses and the results show a good agreement between 
simulations and experiments. With the optimized four-stage RCTTHE 
which has a considerably low total pressure drop at low-pressure side of 
518 Pa and the heat exchange effectiveness higher than 97.1 %, the 
developed hybrid cryocooler can obtain a no-load temperature of 1.8 K 
with a mass flow rate of 1 mg/s and a high pressure of 0.32 MPa. 
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